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Appendix A: Proofs of Section 3

We start with a short lemma needed to prove Lemma 3.1.

Lemma A.1. Under Assumption P.1, the following representation holds

21 2 .
Zf i) cos(Agh) = lezzv (h+1T) - ?f(O) — ?f(w) exp(imh)1{r cven}

N=[(T-1)/2], \y =27k/T.
Proof. First it holds (cf. e.g. Brockwell and Davis [5], Corollary 4.3.2)

[~ . .
Py v(7) exp(—ijA).

j=—o00

) =

Since cos(Axh) = 3 (exp(ihAr) + exp(ihAr_k)), we obtain

N
47
T Z f (k) cos(Agh)
k=1
or 12 2 2r
=T Z f (k) exp(ihAg) — 7][(0) — ?f(w) exp(imh) {7 even} -
k=0
Moreover
9r T-1 1 T-1
T Z f (M) exp(ihAg) = Z Z ~v(4) exp(—ijA;) exp(ihAx)
k=0 k:O j=—00

=% > v(j)iexp(i( h=§ ) =Y ~(h+IT),

j=—00 k=0 lez

where we can switch the two sums because of Fubini’s theorem. O
We are now ready to prove Lemma 3.1.

Proof of Lemma 3.1. Assertion a) follows immediately from the fact that the
bootstrapped Fourier coefficients are conditionally centered. By Lemma A.4 in
Kirch [31] it holds (uniformly in )

5= cout =0 (sin ()

and the same expression for sine instead of cosine. Thus it holds uniformly in «
and v

N |[|lmu] o] N T 2
cos(Agl cos(Agla)| = O(1 min ( —,m | = O(mT).
52| 3 contuin) | 3 eosuty)| =03 (F:m) =otmm)

(A.1)
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The same equation holds true if we replace cosine by sine.
By Assumptions B.1 and B.2 and by (2.4) it holds

Lmu] o]
Z*(y) Z*(ls)
llzl 1) \/_ 1221 2)

|mu] [mv] N
Z Z Zvar k)) cos(l3 \x) cos(laAg)
(L pp s
lmu] |mo] N
Z Z Zvar k)) sin(l3 \g) sin(l2\g)
(L s s
_ Lmu) Lo N

Z Z Zf /\k COS )\k 11—12))4-0]3( )

l1 1 lo=1 k=1

where the last line follows for m/T — 0 as well as m = T by (A.1). We will now
use Lemma A.1. W.l.o.g. let v < v. Summing the first term of Lemma A.1 we
have, e.g. by the proof of Corollary 4.3.2 in Brockwell and Davis [5], which gives
the relationship between the autocovariance function and the spectral density,

lmu] [mv]

LD DDLU

=1 l2=1

:_ZZ (i —12) +—Z > A=)

11=1 lx=1
— 2mf(0)u + o(L),

l1=1 lo=|mu]+1

since by the absolute summability of ~(-)

[mu] [muv] [mv]—1

—Z > e =) \i Z hly(h)| = o(1).

I1=1 lo=|mu]+1
Furthermore

| Ll L)

L S S hti b+ Y ’%h'zmmm

M= =1 70 |R|<m j#0

\/—Zlv + > D hh+iD =) +2 Y (k)

JEZ [h|<m—+/m j#0 k>y/m

Summing the last two terms of Lemma A.1 we obtain

Lm ;gexp(iﬂ'(ll —1l3)) = — Zexp (mily) Zexp —mily) = O (Tm>
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and

1 B 0(1)7 n -0,
27rf(0)ﬁ(Lva)(LmuJ) = {27Tf(0)u’l)+0(1), gz =T.

Putting everything together we obtain b). The proof of ¢) is analogous. A sim-
ple calculation shows that cov(Z(l1), Z(l2)) = cov(V(l1),V(l2)) + o(1) by the
absolute summability of the auto-covariance function. O

The next lemma gives the crucial step towards tightness of the partial sum
process.

Lemma A.2. Under Assumptions P.1, B.1 — B.3 it holds for u < wv

L Lmo) *
o g 20y | < (D+op(1))(0 —u?
\/mz—LmZuJJrl "

for some constant D > 0.

Proof. Note that for a sum of independent random variables with mean zero it
holds

E<Zxk>4_ZEX,‘§+6<ZEX,§>2—6Z(EX,§)2. (A.2)

Furthermore
=> 70
2l al * * . 1 = *
= = 2 (gc (k) ; cos(Agl) — y* (k) ; s1n()\kl)> =: T ; Y,

where Y = 2% (k) 3, cos(A\il) and Y3, = —y* (k) >, sin(Axl) for k < N. Thus,
we will verify the assumption of the lemma for all three summands of eq. (A.2).
First it holds similarly to (A.1) by Assumption 5.2 and 5.3

2N

1 * (o
m27T2 ZE (¥)*
k=1

4
< (C+ o;ﬂl))# Zmin (%, m(v — u)) < (D1 +o0p(1)) (v —u)?.
k
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Secondly we have by Assumption B.2 and Lemma A.1 similarly to (A.1)
1 2
LB
k

|muo| [muv]
T Z Z Zf(/\k) cos(Ag(l1 —12)) +op(1)(v —w)

Li=|mul|+1l=|mu]+1 k
| Lol Lmo]
— Y Y YAl —u+iD)+ 0w — ) +op(1)(v—u)
Li=|mul|+1lo=|mu]+1 jEZ
< (D2 +o0p(1))(v — u),

since

[mo]| o]

> > S e — b +4T)]

li=|mul|+1lo=|mu]+1 jEZ

_ |mv| — [mu] — |h|
= E - E |v(h 4+ 5T)| (v —u) E |y (k
[h|<[mv]—|mu] JEZ keZ

Finally it holds
1 * *\2 2
m2T?2 Z (E (Yk ) )
k
N

m2T2Z (mf (M) +0p(1)) > (cos(Axla) cos(Akly) + sin(Axla) sin(Ael))
k=1 11,2

3=

4
< (D3 +op(1 2T2 Zmax( U—u)) < (Dy +o0p(1) (v —u)?.

O
The next lemma gives the convergence of the finite-dimensional distribution.

Lemma A.3. Let S}, (u) = ZLmuJ Z*(j).

a) If Assumptions P.1, B.1 - B.3 are fulfilled and m/T — 0 we obtain for all
0 <up,...,up <1 in probability

(S5, (ua), - .., 8% (up)) -5 N(0,3),

where X = (¢; )i j=1,...p With ¢; ; = 2w f(0) min(u;, u;).
b) If Assumptions P.1, B.1 and B.4 are fulfilled we obtain for all0 < uq, .

<
1 in probability

CyUp

(S5 (ua),- .., Sp(up)) = N(0,3),

where ¥ = (¢; )i j=1,...p With ¢; ; = 2m f(0)(min(u;, u;) — win,).
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Proof. For the assertion in a) we use the Cramer Wold device and prove a
Lyapunov type condition. Let o; € R and consider

P
Z a; Sy (u
P Lmqu I.WUZJ

N
Z Zal Z cos(Agl) + y*( Zal Z sin(Agl)
k=1 =1 =1

i=1 =1

7\

2N
I
where {f’k* y ¢ 1 < k < 2N} is conditionally row-wise independent. The Lya-

punov condition is then (in probability) fulfilled since by Assumption B.2 and
B.3 similarly to (A.1)

2N 4
1 * Nk * X7k
22 Y E(Viy —EY ) < (CHop(l 2T2 Z max < >
k=1
m
< (C+op(1)™ = 0p(1).

T

Together with Lemma 3.1 this gives assertion a). Note that it is essential that
m/T — 0, in fact it is easy to see that for m = T the Feller condition is not
fulfilled, thus the Lindeberg condition can also not be fulfilled.

Therefore we need a different argument to obtain asymptotic normality for
m = T. We will use here somewhat stronger assumptions but it is not clear,
whether they are really necessary (cf. also Remark 3.2). We use now the Cramer
Wold device and Lemma 3 in Mallows [38], which gives an upper bound for
the Mallows distance of weighted sums of independent random variables with
standard normal random variables. The assertion then follows, since by the proof
of Lemma 3.1

[Tui| | Tu;)

asa TLZ R S cos(hnlle — 1))

1 I1=1 Ilx=1

NE
M*@

N
Il
-

<.
Il

p
Za o (min(u;, u;) — wiuy) +op(1).
j=1

[
gk

Il
-

7

O
Proof of Corollary 3.2. Is analogous to the proof of Lemma A.3 a) above. [
We are now ready to prove the main theorem.

Proof of Theorem 3.1. Billingsley [2], Theorem 13.5, gives a characterization of
weak convergence via convergence of the finite-dimensional distributions as well
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as tightness, which can be obtained by moment conditions. Lemmas A.2 and
A.3 show that these conditions are fulfilled and thus imply

[mu]
1
— 2 (Z"()-E"Z°(1)): 0<u <1
\/m =1
b J{W(u):0<u<1}, 2 —0,
{Bu):0<u<1}, m=T.

Appendix B: Proofs of Section 4

We introduce the notation a,, < b, < a, = O(by,).

Proof of Theorem 4.1. The assertion of a) follows directly from the definition of
the bootstrap schemes. In the following we only prove the assertions for z*(+),

the assertions for y*(-) follow because z*(j) £ y*(j) (conditionally given V(-)).

b) Residual-Based Bootstrap RB
By Assumption A.1 we have
sup [var” (& (k) = 7f (\)| = sup |7 f () = 7 ()| = 0,

thus (i). Moreover concerning (ii) it holds

sup E*(2* (k))*
k
| 2N | 2N 4 | 2N | 2N 2\ 2
~ - ~ ~ -
= Sl],lp(ﬂzf ()\k))ﬁ Z (S] ﬁ Sl) ﬁ Z (S] ﬁ Sk)
j=1 =1 =1 k=1
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since by Assumption 4.2

2
ifNC_if”J2_LN 16) (1 &) +u0)
2N T2 k:Ik 2 ;WA(/\J') 2N; \/WJ?(/\J‘)

2
_ LN 16 L i) )
2 ;Wf(/\j) 2 ; VTf(A)
-~ N .
oI L3
1 X, 1 & I3)? fow = Fow\
ﬁ;snggi(ﬂf()\j))Q 1+51;p ﬁA(/\k) < C+op(1).

Finally we prove (iii). Let {Un(j) : 1 < j < 2N} be i.i.d. taking the values

1,...,2N with equal probability. Denote 5% = 5y ;) (i.i.d.),

5, = \/f(/\UN(j))/f(/\UN(j))gUN(j) (i.i.d) and s} = sy, () (ii.d.), furthermore
ein £ N ey £

z*(§) = \7f(N)s), y*(d) =

<

ﬂ'f(/\j)s}‘v+j, j =1...,N. Similarly to (B.1)
we get
E*(s7)? =1,
2
1 2N ([~ 1 2N ~
) szzl (SJ—W k:15k) _1‘ 1 2N~2
E*(s7 —3% — 5%
(1 1)_ 1 2N > 1 2N ~ 2 2N‘_1]
3N Zj:l Sj N 2uk=1 5k =
2
1 2N ~
(W Zj:l Sj)
N 2N 7 =orl),
1 ~ 1 ~
aN Zj:l ( J T 2N Zuk=1 Sk)

T oo WO FOWL 1SS
b (Sl Sl) = 1215]\/ f(/\l)
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From this and Assumption A.1 it follows

sup d3(L*(2*(5)), N(0,7f(%;)))

1SN

< sup (L‘*(a:*(j))aﬁ*< Wf(Aj)S;))

1SN

+ s &8 (£ (s ) N

1<jKN
< msup [ F(A) — FO) B (1) 4+ msup [ £(A)|d3(L" (1), N(0,1))
J J

< op(1) +d3(L(s1), £°5) + &3 (£ G (51)) + &8 (2 (51) . v (0, 1)

< op(1) + B (s — 52 + (5 - 5)2 + &3 (£ (51) , N (0, 1)) < op(1),

where the last line follows since £* (?I) (conditionally on V(+)) is given by the

(empirical) distribution in Assumption 4.3 and by Assumption 4.2 we have
the correct convergence of the first and second moment, which together gives
convergence in the Mallows distance.

c) Wild Bootstrap WB
Concerning B.2 it holds by Assumption 4.1

sup [var” (" (k) = mf (Ae)| = sup Tfw) — 7 f ()| = 0.

Similarly we obtain B.3 since

sup E* (2" (k))* = 372 sup f(\e)? < 372 sup f(An)? + op(1) < C + op(1).
k k k

o~

Concerning B.4 let X £ N(0,1), then \/7f(Ap)X £ x*(k). Then

sup (£ (1), N(0, £ (w) < wsup (\/m‘k) - \/ﬂm) EX?

~

<msup | Fhe) = FOw)] = 0p (D)
d) Local Bootstrap LB
By Assumption 4.4 (ii) it holds
sup [var” (2" (k) — 7 (Ae)|

> parl(s+k) = 2w f ()

SEZ
= op(1)

= sup

2
+ s%p <ZPS,T($(7€ +5) +y(k+ 5)))

SEZ
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where 1(j) = 2%(j) + y?(j), if j is not a multiple of 7" and I(cT") = 0 for ¢ € Z.
Furthermore by Assumption 4.4 and K.1 we have

sup E*(a* (k)*)
k
<sup ZpST (s + k)" +y(s+ k)"
SEZ
4
+sur>< > par(a(s+k) +y(8+k))>
k SEL

< SUPZPS,TI2(S +k)+op(1) <C +op(1).
SEL

Concerning B.4 note first that f is uniformly continuous (since it is continuous
by P.1 and periodic on [0, 27]), hence

sup sup  [f(Qety) = F()] = o(1). (B.2)
L<hSN ~Thr <j<Thy

Denote now (7)) =x*(3)//7f(Nj1+7;+), where J; 7 is the same random vari-
able as in the definition of the Local Bootstrap. Then by (B.2) and Assump-
tion A.4 we get

sup d3(L”(2(5)), N(0,7f (X))

1SN

= sup d3 (L (" (7)), L* (T (4)))

FmswlfOnlswd |2 (70)/\/r0)) V0.1

2
< sup (ZPS,T(x(j +5)+yl+ S)))

J SEZL
ot [c* (~*< )/ ﬂf(Aj)) ,.c*@*(j))] +supdi(e°(E (7). ¥10.1)

Lf(Nigw) = F(N)] -
<op(l)+ su su su s1l(j+ s
p(1) 1<l<pN 7ThT<I£)<ThT Fur) f() jpsezzp 7l +5)

+ sup (L (T (), N(0,1)) < op(1).

The last line follows by Assumption A.5. Note that convergence in the Mallows
distance is equivalent to having convergence in distribution in addition to con-
vergence of the first two moments. In this case the convergence is in all three
cases uniformly in s (confer Assumption 4.4 and A.5). A similar argument
(merging the triangular array into one single sequence in a smart way) as in
the proof of Lemma 5.3 then also gives the uniform convergence in the Mallows
distance. O
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Proof of Corollary 4.1. We will verify that Assumptions A.1, A.2 as well as A.4
remain true, which imply Assumptions B.2 as well as B.3. Concerning B.4 we
show that the Mallows distance between the bootstrap r.v. based on V(-) and
the bootstrap r.v. based on V(-) converges to 0.

We put an index V' resp. V on our previous notation indicating whether we use
Vor V in the calculation of it, e.g. 2(j), xv (j) resp. y5(j), yv(j) denote the

Fourier coefficients based on V(-) resp. V(-).
First note that by Theorem 4.4.1 in Kirch [29], it holds

N

N
Z(cos(tl)\j) cos(ta)j) + sin(t1A;) sin(te ;)| < { ’
j=1

Furthermore denote by

Fr(j) = Eﬁmeme» 1<5 <
TEASE (Vi) - D) sin(th;_y), N <j<2N.

y (B.3), (4.1) and an application of the Cauchy-Schwarz inequality we obtain

T
Pr() < Y IV(E) = V)] = op (Tag?).
2N =
> FE()
j=1
T T R R
=3 S (V) = VED(V (E) - Vi) (B.4)

SN (V) =V + D V() = V() (V(t2) — V(t2))]
t=1 t1#to
=op (T%az") (B.5)

yv (i) = yo () = T2 Pr(N + ). (B.6)
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Since a? — b? = —(a — b)? + 2a(a — b) this implies

=~ PR + PV +9) + 2 av () Fr(i) + 2=

Nia yv (§) Fr(N +j).

(B.7)
We are now prepared to prove the assertions for the different bootstrap proce-
dures. We start with the Wild Bootstrap because for it we only have to verify

that Assumption A.1 remains true. We start with the proof af b), since this is
also a crucial step for the proof of a).

b) Wild Bootstrap WB
Recall that by assumption K (x) > 0, sup |K(z)| < oo and

2T 2myj
TN k(22 ) 214001
Thr 2 <ThT> +oll),

JEZ
sup |Kp(\)] =0 (h;l) )
Ae[0,27]
Let
Tl
K (#5)

pl,T = —271'_]
Ejez K (m)
By an application of the Cauchy-Schwarz inequality and of the assertion in
Lemma 5.1

sup |fv () = Fo )l =sup > pi—jr|Iv () — Ip ()]

JEZ
1 X 1
ST > PR+ SUP 73 > i (@v () Pr(i) + yv () FPr(N + 5))
j=1 JEL

2N
1 1 1

< o IO TR T o PSR

< op <hTaT) +Sl}1p T2 Zpk srlv(j) hTsz: T(7)

=op ((hTOéT)_l) +op ((hTaT)_1/2) =op(1)

for ag = hy.'. This shows that Assumption A.1 remains true for V).

a) Residual-Based Bootstrap RB

From the argument above we already know that Assumption A.1 remains true
for {V(-)}. We will now verify that Assumption .A.2 remain true in order to
have B.2 and B.3. Recall Assumption P.3, thus similarly to above by (B.7) and
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(B.5) we get

13

by another application of the Cauchy-Schwarz inequality and by Assumption 4.2

Similarly

2
13- (vG) - ()
= 2(%)

[ 2N N 2N N4l
jm.l \lzf2 Z ( )

T T1/2
2op|—|topr =op(1)
ap aT

for ap = O(T'/?).
From this we get by a? — b* = —(a

L()
NZ

—b)? + 2a(a — b) and Assumption A.2

= ) N= PN N& P
= 0op 1)
Finally
1 av() —zs() +yv() —ys(G) 132 |&h 1 X
N; FA5) =T J;f()v) — FE(1)

Finally we prove that 3.4 remains true. Looking carefully at the proof of this
assertion for {V(-)} it is clear that it remains to prove that
o N

do(L* (5v1), £ (’5:‘71)) — 0, where ?{/1 is as ?I in the proof of Theorem 4.1
and the one with V corresponds to {V ()} instead of {V/(-)}. With the same
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underlying random variable Uy (1) we easily get

~% ~k w [=F ~k 2
d%(ﬁ*(sv,l)aﬁ*(sf?,l)) <E (Sv,l - 5\7,1)
1 i F2(j) + FR(N + )

f(A)

=op (a;l) =op(1).

¢) Local Bootstrap LB
By the exact same argument as for the Wild Bootstrap (in view of K.1) we get

sup 1> pir(ly (k4 j) = Ip(k + 9)| = op((arhr) ™ +(azh)™1%) = op(1)
v jEZ

for ar = (T/hr)"/?. Similarly to the proof for the Residual-Based Bootstrap
we get

T T1/2
su r(Iy(k+7)—Is(k+ )2 =op | — + —— | = 0p(1),
1<ngjeZZpg,T( v( ) V( 7)) P (hTOé% h}ﬂaT) p(1)

which yields as above

sup > pir (I (k +5) = B (k+ ) = op(1).
1<h<N S

Finally

sup > pir(ayv(k+j) —ap(k+5) +yv(k+5) — yo(k+5))
1SKSN |57

=op ((OzTh%)il/z) = Op(l).
Concerning 5.4 it holds similarly to above

sup 3L @y (), L@ (7)) = op ((arhr) ™) = op(1)

which completes the proof. O

Appendix C: Proofs of Section 5

Proof of Lemma 5.1. For a) see Theorem 2.1 in Robinson [53], which shows the
result due to K.1; b) is an easy consequence of Theorem 3.2 in Shao and Wu [55].

They even give a rate for the convergence of fT()\) — EfT()\). The only thing
that still needs to be shown is

max |E fr(A) — f(A)] = o(1).

A€[0,27]
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In fact it holds since by assumption k() is bounded (continuous and with com-
pact support) and k(0) =1 as T — oo

. R R | N _iga
[Efr() = F) = 5= > Y@k = = (e

T T

j=—T JEL

1
= > O+ == Y. I+ sup [k@) - kO] D> ()
iI>/I7R TVh li1<+/T7R lol< VR il</I7R

=o(1).

Furthermore they use I(¢T) = T(Vr — EV(0))? but by P.2 it holds T'(Vy —
EV(0))? = Op(1) showing that this term is asymptotically negligible (confer
also Remark 4.1). O

Remark C.1. Shao and Wu [55] actually prove their results for the different-
looking estimator

T—1
1
ZR k(jh) exp(—ikX) =57 go OER(A— At),

jGZ
where R(j) = T=' SV (V(5) = BV()(V( + 1)) - BV(1)) and Kj(-) is as
n (4.2). Hence by the T- perlodlclty of I(j)
_ 1 T—1
N = 5= ; I(t) %K((A — e + 2m5) /h)
T—1
= o SO ST (TR (A~ M) /)
JEZ t=0
_ QﬂlhT STIWE (A= N)/Rh) = fr(N) +o(1)
LEL

by Assumption K.1, so that the Shao and Wu [55] estimator is identical to the
one considered here.

Proof of Lemma 5.2. For the proof of a) we show that
sup |cov(z(l),z(k)) — nf(Ae)di k| — 0,
1<L,k<N

sup [cov(y(l),y(k)) — 7f(A)drk| — 0. (C.1)
1<LEEN
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Note that
1
cov(z(l), z(k)) + cov(y(l),y(k)) =Re [ = > e 02754 cov(
1<4,s<T
1 .
cov(w(1), 2(k)) — cov(y(D), y(k)) = Re | = D e ) cov(V
1<4,s<T
C2)
Furthermore since 1 < [+k < T—1forall1 <[,k < N it holds Z e~ WAt ) —
0, hence

1 Z eTHONF) oy (V (), V(s))

1<),5<T
1 T
— Z e*ZJ()\LJr)\k) Z e*lh}\k,_y(hl)
T 4 .
j=1 |hI<T—j

T
1 - )
= 52 IO R ey (h) —omf ()
j=1

[h|<T—j
Z Yoot Y o(1) (C.3)
J:1 |h|>T—j \h|>T1/2

uniformly in [, k by the absolute summability of the autocovariance function
(Assumption P.1). Completely analogous we get for I # k, i.e. \j — A\ #0
1 o
LY N con(V (), V(s)) = of1) (C.4)

1<g,s<T

uniformly in [ # k. Finally,

1 ST e cov(V (), V(s)) — 2 f (M)
1<j,s<T

-y < |h|)e_mxk,y(h)_%f()\k)_o(m (C.5)
|h|<T

uniformly in k. Putting together (C.2) — (C.5) yields (C.1). Note that a refined
version of (C.3)-(C.5) under the stronger assumption ), |h"|y(h)| < oo for
some v > 0 even gives the following uniform convergence rate

oI, 0<v<l,

O(logT/T), v=1, (C.6)
O(T’l)7 v>1.
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Note that Exz(k) = Ey(k) = 0, since & 3°'_, e=%* = 0. Thus a simple appli-
cation of the Markov-inequality yields by (C.1)

L) gy Ly )
2N j=1 V f()\J) , 2N j=1 f(/\J) ,

hence assertion a).
Since by Proposition 10.3.1 in Brockwell and Davis [5]

Sup |E1(j) — 27 f(A;)] = o(1), (€7
assertion b) follows from an application of the Markov inequality and (5.1).
Since E12(j) = var I(j) + (E1(4))? it holds by (5.1) and (C.7)
sup |EI(5) — 2(2mf(X))?] = o(1),
hence by (5.2) and an application of the Markov inequality assertion c¢) follows.
|

Proof of Lemma 5.3. The proof is close to the proof of Corollary 2.2 in Shao and
Wu [55] who prove an analogous result for the empirical distribution function
of the periodograms. Denote by

—=20) <j<N
S() = Ve IR
TWEY 0N N1 << 2N,

Vrfyon)’

Theorem 2.1 in Shao and Wu [55] yields the uniform convergence of any linear
combination of 3(-), i.e. for each fixed p

sup |P((§T(jl),...,§T(jp))Tc§ z) = ®(z)| = o(1).
1<)1 <2 <. <Jp SN;c€RP; || =1
(C.8)

First we will use an argument similar to one used by Freedman and Lane [19] to
obtain the uniform convergence of vectors of 57 (). We will give the argument
only for vectors of length 2 but the same holds true for length p. Precisely we
will prove that

sup [P (s7(j1) < 21,57(j2) < 22) = ©(21)@(22)] = o(1). (C.9)

1<ji#j2 <N

Now order the distributions of S7j, j, = (37(j1),57(j2)), 1 < j1 < j2 < N,
N > 1, to form a single sequence S; = (S¢(1),5:(2))%, t > 1, in such a way
that if Sy, corresponds to §T1,j1,1,j2,1 and Sy, corresponds to §T2,j1,2,j2,2, then
T < T implies that t; < t2. By Levy’s continuity theorem and (C.8) it holds
for each z = (21, 22)7 (¢x denotes the characteristic function of the random
variable X and G1, G2 are two independent standard normal random variables)

s, (2) = ¢.7s, (|2]) = ¢a, (|2]) = ¢(a1,62) (2)-

[z
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Thus a second application of Levy’y continuity theorem yields
[P(S:(1) < 21, 5:(2) < 22) — ©(21)P(22)] = o(1)

and by definition of S; we get (C.9).
Define now p;(z) = P(sr(j) < z) and
Dj1.js(2) = P(57(j1) < 2,57(j2) < z). Then it holds by (C.8) resp. (C.9)

~— —

N N
E ;wa}Nl{ZT(j)gz} — @(z)| <suplpi(2) —@(z>|§;wj,zv = o(1),
Jj= j=

N
2
E ij,Nl{;T(sz} - 2%(2)

j=1

< sup [pj () =93 (2) D wy NwiN
J1#j2 1<1#j2 <N

N
+ (Slllp [pu(2) = (2)] + |(2) = ©*(2)[) Y wf v = o(1),

Jj=1

which remains true uniformly in s if we have weights w; v s depending on an
additional parameter additionally with sup, " j wJ2 ~.s — 0. Since

N 2
E Z wiNlG, )<y — B(2)
j=1
2

N
2
=EB Zwﬁ;Nl{zﬂa‘)sz} - (%)
=1

N
—20(2) |E [ Y winlgz, ey | = 2()| = o(1),

Jj=1

we get both assertions by the Chebyshev inequality and the uniformity in z
follows from the continuity of ®(z). O

Proof of Lemma 5.4. The proof is very close to the proof of Theorem A.1 in
Franke and Héardle [18] who essentially obtain rates for the situation of A.2 (ii).
Referring to the similarity of arguments, we only sketch the proof of the lemma.
Let ap = heT~ Y3, mq = La;lj. Then the supremum in a) can be decomposed
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as follows, where s; = |IT/mr|

sup ijTx k+37)
LSkSN |57

< swp Y pira(si+i)|+  sup > pir(a(s+5) — @t +5))
[l|<mr jez [t—s|<T/m7r+1 |~

= Op(h%lTil/B).
The last line follows by the following two arguments: For the first summand it

holds by Chebyshevs inequality, the assumptions on K(-) and f(-) as well as
(5.4)

P heTY3 sup ZpJTa: si+j) =€
[l|<mr jez

h2.712/3
< Z = 5 var ij-,TI(Sl+j) < mphpT™Y3 = O(1).

‘llng JEZ

For the second summand we get using K.1, .5 and (5.3)

sup P4, T s +] —x(t+y
[t—s|<T/mrp+1 Z »r ( ))

= sup > e = pi—tr)2(j)

[t—s|<T/mr+1

1 . o
= %glx(ﬁl = 0p (npT19).

Analogous arguments yield the assertion for y(-) as well as for b) and ¢). O

Appendix D: Proofs of Section 6

Proof of Theorem 6.1. 1t is sufficient to prove the assertion of Corollary 4.1
under Hy as well as Hj, then the assertion follows from Theorem 3.1 as well
as the continuous mapping theorem. By the Hajek-Renyi inequality it follows
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under Hg
1 < ok, Tk,
T V) -V(t)® = T(M — )"+ T(N — H2)
t=1 X )
k
=l LS v - Bv)
(logT)k i=1
logT 1 L
J — 3 (V) -E(V(®)
(log T)(T" — k) =kt 1
B logT
o ()

which yields the assertion of Corollary 4.1.
Under the alternative it holds analogously

T
1 ~
=DVt - V(1)

t=1

min(k, R __olk—k T - max(k,k _
=%(u1—u1)2+ld+uj—ujlzl = - T( (s — fo)?

=0p (max (loiTﬁT)) :

where d = puy — po and j = 2 if k< Fkandd= o — p1 and j = 1 otherwise,
which yields the assertion of Corollary 4.1. O
Proof of Theorem 6.2. Noting that Y*(k) = Z?:l V*(j), the assertion follows

from an application of Corollaries 4.1 and 3.1 as well as (6.4), since V (¢)—V (t) =
(= Fr)Y (t—1). O
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