Monitoring changes in the error distribution
of autoregressive models based on Fourier
methods

Zdenék Hlavka* Marie Huskoval Claudia Kirch { Simos G. Meintanis®

6. December 2010

Abstract

We develop a procedure for monitoring changes in the error distribution of au-
toregressive time series while controlling the overall size of the sequential test. The
proposed procedure, unlike standard procedures which are also referred to, utilizes
the empirical characteristic function of properly estimated residuals. The limit be-
havior of the test statistic is investigated under the null hypothesis as well as under
alternatives. Since the asymptotic null distribution contains unknown parameters,
a bootstrap procedure is proposed in order to actually perform the test, and corre-
sponding results on the finite-sample performance of the new method are presented.
As it turns out, the procedure is not only able to detect distributional changes but
also changes in the regression coefficient.
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1 Introduction

Change—point analysis for distributional changes with i.i.d. observations and the study
of structural breaks in the parameters of time series has received wide attention; see
for instance Yao (1990), Horvath (1993), Bai (1993), Davis et al. (1995), Einmahl and
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McKeague (2003), Huskova et al. (2007), Huskova et al. (2008), and Gombay and Serban
(2009). For a full-book treatment on theoretical and methodological issues of change—
point analysis the reader is referred to Csérgé and Horvath (1997).

On the other hand works on structural breaks due to a change in the distribution of
a time series are relatively few. Huskovd and Meintanis (2006a,b) develop detection
procedures for the distributional changes in i.i.d. observations. In this paper we extend
their results in two ways. First, the observations need no longer be independent. Instead,
we assume a linear autoregressive structure. Second, we operate within the framework
of on—line monitoring analysis whereby data are not observed at once, but arrive in a
sequential manner — one by one. Then, following each new observation we would like
to know whether our model is still capable of explaining the current observations. This
type of procedure plays an increasingly important role in applications as data sets are
often collected automatically or without significant costs. Examples include financial
data sets, e.g. in risk management (Andreou and Ghysels, 2006) or in CAPM models
(Aue et al., 2010), as well as medical data sets, e.g. when monitoring intensive care
patients (Fried and Imhoff, 2004). More applications can be found in other areas of
applied statistics. The consideration of such data sets leads to sequential statistical
analysis, which is also called online monitoring.

To fix the model, let {X;, j =p+1,...,n} be an AR(p) process defined by the equation
Xj=p"X;1+¢j, (1.1)

where X1 = (Xj_1,...,Xj—p)T, and B8 = (b1, ..., 3p)T is an unknown regression pa-
rameter. In (1.1) the errors ; are independent, each having a corresponding distribution
function F; with mean zero and finite variance. Also the AR process is assumed to be
stationary i.e., the characteristic polynomial P(z) =1 — 1z — ... — 5p2P, is assumed to
satisfy P(z) # 0,V|z| < 1.

The idea in the sequential testing methods which we consider is as follows: We suppose
that there exists a historic or training data set Xy, ..., X7, with no change, i.e. following
(1.1) with F} = ... = Fp. Practically this is the data set based on which we estimate
the appropriate parameters. In particular, we postulate model (1.1) with no change
in distribution and estimate 3 as well as the distribution F; of £1 from Xiy,..., Xp.
Then we start monitoring, i.e. observe data X711, X7192,... sequentially. After each
new observation, we decide whether there is evidence of a change, and in this case
we terminate the monitoring procedure and decide for the alternative. Otherwise we
continue monitoring.

Here we monitor for a change in distributional aspect of the errors ¢;, i.e. we wish to
test the hypothesis

Ho:Fj=Fo,j=T+1,T+2,... vs.
Hy : Fryj = Fo,j < T+ jo; Fri; = F* # Fo,j > T + jo, (1.2)

of a change in the distribution F}, where Fp, FO, and the time of a change jo > 1, are
considered unknown. It turns out however that the monitoring schemes developed for
these distributional changes are also able to detect changes in the regression coefficient.

In view of the fact that the errors are unobserved, typically one computes the residuals

N ~T
&) =Xj = Br X;"F—p (1.3)
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from (1.1) by using some standard estimator BT = ,@T(Xl, ..., X7) of B, such as the
least squares (LS) estimator, based only on the training data set Xi,..., Xr, and ful-
filling

VT (By — B) = 0p(1), as T — oo.

Note that for asymptotic considerations we let the length of the historic data set T'
go to infinity, hence the estimation of the model parameters from the historic data set
improves. However, the total number of observations is random (and possibly infinite)
as we stop monitoring as soon as we can reject.

Based on the estimated residuals in (1.3), several monitoring schemes may be devised,
each corresponding to a standard goodness—of—fit statistic. Traditional goodness—of-fit
tests however make use of the empirical distribution function (EDF) of these residuals,
whereas here we utilize the empirical characteristic function (ECF) of the residuals.
This approach was employed by Huskova and Meintanis (2006a,b) in order to test for
distributional changes of independent observations in an offline setting, and was found to
have a satisfactory performance. For earlier attempts to utilize the ECF in the context
of testing with time series the reader is referred to Hong (1999), Epps (1988) and Epps
(1987).

In particular, the Fourier formulation which we advocate here utilizes the Cramér-von-
Mises type statistics

o0
Ter(i.y) = pir(y) / Brens () — By () P (), (1.4)
— 00
where
~ 1 J2 .
Djr o (u) = - : Z et
J2 — 7 i1

is the ECF of the residuals. In (1.4), pj () denotes a weight function needed to control
the probability a of type—I error for the sequential test procedure, asymptotically, while
w(w) is an extra weight function introduced to smooth out the periodic components of
the ECF.

We reject the null hypothesis whenever for the first time it holds Ter(4,y) > ¢ for an
appropriately chosen critical value c,. In this case we stop monitoring, otherwise we
continue. The associated stopping rule is given by

T(T) o lnf{]- < ] < LT : TCF(]afY) > Ca}7
oo, i Tep(j,y) <ca forall 1 <j < Lyp.

We shall distinguish between open-end procedures where L7 = oo and closed-end pro-
cedures where Ly = |[NT'| + 1 for some N > 0.

As in classical hypothesis testing, our aim is to control the overall value of a, i.e.

lim Py, (7(T) < o0) = a. (1.5)

T—o0
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In this connection, Theorem 2.1 below shows how to choose the critical values such
that (1.5) holds, i.e. the procedure has asymptotic size . Theorems 2.2 and 2.3 show
that this monitoring procedure detects a large class of alternatives with probability one
asymptotically, i.e.

lim Py, (7(T) < 00) = 1. (1.6)

T—o0

Thinking of the monitoring procedure in terms of classical statistics yields the following
test statistic

CFr(v) = CFPr(Ept1,pt2,---37) :== sup Tor(4,7) (1.7)
1<j<Lt

which is only used to obtain asymptotics, whereas calculation is performed sequentially
as already explained above.

We have pointed out that one can also develop related procedures based on empirical
distribution functions. To this end, denote by Frr74;(2) and F), 7(2) the EDF based on
ET41,. .-, 6745 and Epq1, ..., Er, respectively. The corresponding Kolmogorov-Smirnov
statistic is then defined by

KSr(v) = sup djr(y)sup |Froei(z) — Epr(2)| (1.8)
1<j<Lr z

v € (0,1]. The choice of d; () corresponding to our choice (in the open-end procedure)
is
7o\ d+)/2
dir() =VT(=2=)
LT(V) jt+]

The respective limit null distribution of K.S7(7) is an asymptotically distribution free
functional of a two-dimensional Gaussian process. The advantage is that this limit dis-
tribution unlike the one we obtain for our procedure (cf. Theorem 2.1) does not depend
on the unknown error distribution. One can then either use a bootstrap test similar
to ours, or construct tests based on (simulated) asymptotic critical values. However, in
order to obtain these results (more precisely to obtain the analogue of our Lemma 6.2)
additional assumptions on the smoothness of the error distribution are needed.

Motivated by Bai (1994) in the nonsequential case, Lee et al. (2009) study procedures re-
lated to K St (7). However, they use the different standardization d; r(y) = VT ( TLﬂ )a
for some a > 0. EDF-based Cramér-von-Mises type test statistics can be developed
along the same line, but they also have the disadvantage that additional assumptions
on the smoothness of the error distribution are needed. More details on these type of
statistics including some comparative simulations can be found in Hlavka et al. (2010).

2 Asymptotic results

Here we present and discuss results on asymptotic distribution of the test statistic
CFr(v) defined in (1.7) both under the null hypothesis and under some alternatives
leading to consistency in the sense of (1.5) as well as (1.6). Note that we suppress the
weight parameter ~, and write C' Fr for simplicity.
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Recall that we work with the sequence {X;, j =p+1,...,n} following the model:
Xj:ﬁTXj_l—i-&j, j=p+1,...,

where X ;1 = (X;_1,...,Xj—p)T, Bis an unknown p-regression parameter, ¢;, j = 1,...
are innovations that fulfill under the null hypothesis the assumptions:

(A1) {g;,j=0,%1,...} are i.i.d. random variables with common distribution function
Fy having zero mean, positive variance and E |¢;|* < oo.

(A.2) The initial values X1, ..., X, are independent of €)1, ...,€pn; By # 0, and the roots
of the polynomial t* — 3;tP~! — ... — 3, are less than one in absolute value.

(A.3) The vector X1 = (X,,...,X1)T of initial observations satisfies

[o¢]
Xp1 = ) Blepy, (2.1)
§=0
where
B = Pl By and e = (,0,...,0)T, (2.2)
I,, O

with I,_; denoting the (p — 1)-dimensional unit matrix.

~

(A.4) B is an estimator of 3 based on Xj, ..., Xp with properties

VI(Br—B) =0p(1), T — oo

(A.5) Let w(t), t € R, be a symmetric function with properties

/t4w(t)dt < oo.

Theorem 2.1. Let {X;} follow model (1.1) and let assumptions (A.1)—(A.5) be satisfied.
Then the following asymptotic results hold for the test statistic CFp in (1.7) under the
null hypothesis of no change.

a) For the open-end procedure (i.e. Lp = o0) it holds, as T — oo

= WE(E) —t
CFp 2. sup |t7 (/ w(u) du — E/cos ((e1 — e2)u) w(u) du) + ZAq‘JS% 7
0<t<1 po 7
where
j 14~
; =T|="— <1 2.
p],T(fY) <T+]> 70</Y— ) ( 3)

Wy(-) are independent Wiener processes and A, are square-summable eigenvalues
which depend on the unknown underlying distribution function Fy.
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b) For the closed-end procedure (i.e. Ly = NT + 1) it holds, as T — oo,

crp =2 sup cw(t)‘t(l +1) </w(u) du — E/cos((al —e2)u) w(u) du>

0<t<N

)

- i Aq (Wat(t) = tWea(1)* — t(1 + 1)
q=1

where pjr(y) = %cw (%) and cy(t) > 0 continuous on (0, N] such that there ex-
ists 0 < o < 1 with limy_ot%,(t) < oo, Wyi(-), Wya(-) are independent Wiener

processes and Ay are as in a).

The theorem shows that the limit distribution depends on unknown quantities and does
not provide an approximation for critical values of the CF—statistic. Therefore a boot-
strap suitable for the above sequential setup is useful for practical applications and will
be discussed in Section 3 below. Also note that the conditions on the weight function
for the open-end procedure include in particular the weight functions as given for the
open-end procedure, and that the limit distribution of C'F is the same if we replace the
residuals &; by ;.

Remark 2.1. The proposed procedure based on C'Fr defined in (1.7) can easily be ex-
tended to different residual-based models such as regression models or ARMA-sequences
among others. The key to the proofs is to be able to estimate the residuals &; by &, such
that the limit distribution of the resulting test procedure does not change.

Next we have a look at the asymptotic behavior of CFp under a class of alternatives.
In particular, Assumption (A.1) is replaced by the following assumption:

(B.1) {ej, j =0,+£1,...} are independent random variables having zero mean, positive
variance and finite moment E |¢;|* < oo and having the distribution function Fj
for j < T + jo and FO° for j > T + jo, for some jo > 0, Fy # FY.

Theorem 2.2. Let {X,;} follow model (1.1) and let assumptions (A.2)-(A.5) and (B.1)
be satisfied i.e. a change of the error distribution takes place. Then for the open-ended
procedure, as T — oo

CFr — o0, in probability.

Moreover, if jo = |Tto| with some ty > 0 then, as T — oo

crr/T =" sw (1] )M (““’)2 [ o0t - )Pty

to<t<oo \1 41 t

where @o(t) and ©°(t) are characteristic functions before and after the change, respec-
tively. The assertion remains true for closed-end procedures if to < N and where the sup
is taken over the set tg <t < N.

The above theorem shows that our test procedure detects distributional changes as
required. However, the test procedure has also some power with respect to changes in the
autoregressive coefficient. So, one should apply a test for a change in the autoregressive
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parameter as well, which does not have power against distributional changes, in order
to distinguish between the two. Consider

Xj=B"X; 1+ 8" X;1I{j > T +jo} +¢5, j=>1, (2.4)

where § # 0 and jy > 1 are both unknown, all other symbols are as in model (1.1). As
in Huskova et al. (2007) we assume:

(B.2) The observations Xpi1,..., follow the above model with jo = |Tt|, tg > 0;
X1, ..., X, are independent of €,41,...,e7,...; B, # 0, the roots of the polyno-
mial tP — BitP~1 — .. — Bp are less than one in absolute value, (3, 4+ 9, # 0, and
the roots of t* — (81 + §1)tP~t — ... — (B, + J,) are also less than one in absolute
value, & # 0 fixed.

Theorem 2.3. Let model (2.4) fulfill (A.1), (B.2), (A.3)-(A.5), jo = |Tto| for some
to > 0, i.e. a change in the regression coefficient takes place. Then, for open-end
procedures, as T — oo,

orr/r =" sw (5)"7 () [lentext - P wan

where px (u) is the characteristic function of 25:1 0jZq—; with {Zy}q being an AR(p)
with parameters 3 + 8. The assertion remains true for closed-end procedures if to < N
and where the sup is taken over the set tg <t < N.

3 Bootstrap procedures

In order to apply the tests we need critical values. The standard approach is to use the
quantiles of the asymptotic distribution, however from Theorem 2.1 it is clear that this
is not feasible here as the limit distribution depends on too many unknown parameters.
Therefore, we will apply resampling methods to approximate the null distribution.

The simplest approach is a classical bootstrap based on the estimated residuals of the
training data: Let Up(p+1),..., Ur(L7) be i.i.d. uniform on p+1,...,T independent of
{X:}, where we choose Ly = Ly —1 in case of the closed-end procedure and Ly /T — o0
in case of the open-end procedure. Let

e*(t) = Eup)

with €; as in (1.3). Note that for the LS-estimator ,[ABT it holds that ZJT:erl g =0,
so that the bootstrap errors have mean zero (conditionally), and therefore no extra
centering is required.

The bootstrap critical value ¢4 (X1,..., X7) is chosen minimal such that
Pi (CPr(*(1),...,&" (L)) € ca(Xi, ., X7)) 21 - 0

where P7(-) = P(-| X1,...,X7). We can easily simulate the above conditional distribu-
tion by drawing B random realizations of {Ur(-)}.

The above bootstrap scheme only uses the training sample Xi,..., Xy, therefore the
following theorem holds under assumptions on the training set only, no additional as-
sumptions on the data after monitoring starts is needed.
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Theorem 3.1. If X;,..., X7 follow model (1.1) fulfilling assumptions (A.1)-(A.5), then
Coc(Xla o 7XT) i} Ca,

where ¢y 15 the a-quantile of the asymptotic distribution in Theorem 2.1.

The above theorem shows that the bootstrap test has asymptotic size a and asymptotic
power one under the alternatives in Theorem 2.2 and 2.3. Asymptotically it is equiva-
lent to the asymptotic test which is not feasible as ¢, depends on too many unknown
parameters.

The above bootstrap procedure is not optimal in case of smaller training data sets,
which is not surprising as we create a data set of length Ly from a dataset of length
T which is much smaller than Lp. In the simpler location setting Kirch (2008) showed
in simulations that this in fact leads to a loss of power. Adaptations of the above
bootstrap schemes including observations obtained during monitoring are possible (cf.
Kirch (2008) for the location model as well as Huskova and Kirch (2010) for a change in
the regression coefficient), but these modifications lead to a substantial increase in the
technical difficulty of our proofs and will therefore not be considered here. More details
as well as some simulations can be found in Hldvka et al. (2010).

4 Simulation study

In the previous sections we derived monitoring procedures with an asymptotic overall
level a and asymptotic power 1 for a large class of alternatives. In this section we
conduct a small simulation study to see how the test behaves for small samples. A more
detailed simulation study including also some extensions and variations of the procedure
can be found in Hlavka et al. (2010).

As a weight function for the integral in (1.4) we use w(u) = wg(u) = exp(—alu|), with
several values of a > 0. The weight function for the sequential procedure is given by
(2.3) for v = 0.1 and v = 1. We use a historic data set of T' = 50 and 7" = 200 and
a monitoring length NT with N = 4. For the calculation of the bootstrap distribution
500 random bootstrap samples have been used.

The training sample is always an AR(1) process (1.1) with the regression parameter 8 =
Bo = 0.5 and normally distributed error terms with standard deviation sd(e;) = o9 = 1.
The symbols 8 = By + 6 and " denote the value of the same parameters after the
change occurring at time j.

We consider the following types of changes:

e Change in the regression coeflicient.
e Change in scale.

e Change from a normal distribution to a Student t-distribution with 4 degrees of
freedom.

e Change from a normal distribution to a y?-distribution with 4 degrees of freedom.
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Note that both, the Student t-distribution as well as the y2-distribution, were centered
and standardized.

As usual we assess the quality of the tests by (i) the actually achieved level of the test
as well as the achieved power. However, in a sequential setup it is also of interest to
know (ii) how fast a change is detected by the proposed procedure.

To visualize the first two properties we use:

(i) Achieved Size-Power Curves (ASP)

The blue line corresponding to the null hypothesis shows the actual achieved level on
the y-axis for a nominal one as given by the x-axis. The red line corresponding to one
alternative shows the size-corrected power, i.e. the power of the test belonging to a true
level « test where « is given by the z-axis. These plots are based on 1000 repetitions of
the procedure.

In order to visualize how fast changes are detected we show the:

(ii) Estimated density of the run length (EDR)

The run length is the point in time at which the null hypothesis is rejected. In the
plots it is calculated for a true size 5% test (not a nominal one). This is to obtain
comparable plots for all procedures without having to take size-differences into account,
which obviously have an important influence on the run length. The vertical dotted line
indicates where the monitoring starts. This is a lower bound for the run length but
— due to artefacts of the kernel density estimation procedure — it can happen that the
estimated density is positive there. The vertical solid line indicates the position of the
change. Note that the density does not integrate to one since it also attains positive
mass corresponding to the samples for which the null hypothesis was not rejected.

In Figure 4.1 we consider the influence of the shape of the weight function given by
(2.3), with respect to the value of 7. Some typical plots are shown for an early as well
as a late change. From these plots it becomes clear that v = 0.1 detects early changes
better than the procedure based on v = 1, but at the cost of having a high probability
of falsely detecting late changes before they occur. In addition we observe a power loss
for late changes (and moderate monitoring horizon). This behavior is well known in
sequential change—point analysis and has already been reported in different settings (cf.
e.g. Horvéth et al. (2004); note that a v close to 0 in our setting corresponds to a -y close
to 1/2 in their setting, while v = 1 in our setting corresponds to v = 0 in their setting
due to a different normalization). In Figure 4.1 the plots are only given for a = 1, but
other values of a lead to similar results.

With Figure 4.2 and Figure 4.3 we assess the influence of the parameter a, which de-
termines the shape of the weight function w,(u) of the CFr statistic. To this we fix
the value of v at v = 1. Also we compare the new procedure with the Kolmogorov-
Smirnov-type sequential test defined by (1.8). In Figure 4.2, plots include a change in
the AR-parameter as well as in the scale of the error distribution. From these plots it
becomes clear that intermediate values of a hold the level best. However, larger values
lead to more powerful procedures both in terms of overall detection rate as well as de-
tection delay while still having a reasonable size. They also yield better results than the
Kolmogorov-Smirnov-type test especially in the situation of a change in scale parameter.
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(b) Late change: jo = 50

Figure 4.1: ASP and EDR plots for the CFr test with normal errors; change in the
regression parameter from Gy = 0.5 to 8° = 0.9 (y = 0.1 and v = 1.0, 09 = 0" = 1,
a=1,T=50, N=4)

The plots in Figure 4.3 include changes in the distribution of the errors: From a normal
distribution, to a t4—distribution as well as to a y?-distribution with 4 degrees of free-
dom. Corresponding results for the Kolmogorov-Smirnov-type test are also included.
According to Figure 4.3 a), i.e. T = 50 and a change from normal to t4, both pro-
cedures have a very low power for small samples (but are unbiased). Apparently, the
differences between the two distributions is not large enough to be detectable at a sat-
isfying power with only a historic sample of T' = 50 at hand. However, this is not due
to the change-point setting or the sequential nature of the test, since even in a simple
(non-sequential) two-sample situation, both tests have a very low power in distinguishing
these two distributions; as an example, for two equally sized samples of length 50 we
obtain an empirical power (calculated from 500 simulations with 1000 bootstrap repli-
cates) of 0.1 for the C'Fr—test with a = 1, and a corresponding power of 0.072 for the
KS-test, each at nominal level 5%.

The size results depicted in Figure 4.3 are reasonable for all values of a, but best for
intermediate values of this parameter. Naturally, for the larger historic data set T' = 200
(Figure 4.3 b)), the power increases and it becomes clear that in this situation small
values of a yield best results in terms of power and detection delay. Furthermore, our

10
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Figure 4.2: Dependency on a, fixed v = 1, jo = 10, T =50, N =4, By = 0.5, 09 = 1,
normal errors: ASP- as well as EDR-Plots

procedure clearly outperforms the Kolmogorov—Smirnov type test. In Figure 4.3 ¢) and
d) analogous pictures for a change from a normal to a x2-distribution with 4 degrees
of freedom can be found. The power is somewhat better than for the change to a t4—
distribution, but the general conclusions remain the same.

5 Conclusion

We propose goodness—of-fit procedures for the error distribution of AR models, in the
sequential set—up. The new tests utilize an L?~type discrepancy measure between a cou-
ple of empirical characteristic functions (ECFSs) of the residuals; the first ECF includes
the residuals computed from a training data—set with no change in the distribution of
random errors, while the other ECF is based on the residuals after this training data—set
has been observed. Asymptotic results are provided both under the null hypothesis of
no change, as well as under alternative hypotheses. The latter results imply the con-
sistency of the proposed test in the case of a chance in the error distribution, but also
in the case of a change in the parameter of the underlying AR—model. Additionally, a
bootstrap procedure is proposed which is straightforward to apply, thereby circumvent-
ing the drawback that the asymptotic null distribution of the test statistic is parametric

11
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6 Proofs

in nature. A simulation study supports our asymptotic results, by reporting empirical
level close to the nominal size even for small samples, and percentage of rejection under
alternatives which suggests that the new test is able to detect distributional changes
as well as changes in the autoregression parameter. Extra simulation results include
favorable comparisons with a Kolmogorov—Smirnov—type test.

6 Proofs

We start with the proofs of some auxiliary lemmas. D will denote a positive generic
constant.

Lemma 6.1. Let assumptions (A.2)-(A.3) and either (A.1) (null hypothesis) or (B.1)
(change in distribution) or (A.1) and (B.2) (change in regression coefficient) be satisfied.
Then for an arbitrary k > 0 there exists A > 0 such that for n > 3/2

2

T+k
a) P 1I§nka§XQk_’7 Z Xgj-1|| =2 A <k
7=T+1
T+k 2
- T T
b) P max k™ Z (Xqj-1Xgj1 = B(Xgj1Xg; )| 24| <r
j=T+1
T+k 2
c) max/ 1 Z (g(te;) — Eg(te;))| w(t)dt =op(1),
k>vTJ) |k
7=T+1
2
T+k
d) max/ — Z (9(t6" X ¢;) — Eg(t6" X 4;))| w(t)dt = op(1).
k2vT) | R j=T+ko+1
for any fized q-dimensional vector 6 and X 4 ; = (X ...,Xj_q)T any function bounded

function g with bounded first derivative.

Proof. We start with the proof if either (A.1) or (B.2) holds. Assertion b) is given in
Lemma 4.2 in Huskové et al. (2007) for ¢ = p, the assertion for ¢ # p and a) follows
analogously. The key are the following moment bounds given in Corollary 4.1 in Huskova
et al. (2007) in addition to some H&jek-Rényi type inequalities. For some p € (0,1) it
holds

E|X;_oXj—s| < Dp", 1<0v,s<j,j>p, (6.1)

|cov(Xj X5, Xjsn—oXfin o) < DM, h>0,1<0v,5<p, j>p.

To prove c) first note that due to the boundedness of g it holds for any K > 0 that

2
T+k

[l 2 (otte) ~ Botrey)| wit)a
J=T+1
2

T+k
< /w(t) dt sup |- Z (g9(te;) — Eg(te;)) +Supg2(x)/ w(t) dt,
[t|<K J=T+1 z€R [t|>K

13



6 Proofs

where the second summand becomes arbitrarily small for K large enough. Concerning
the first summand we apply a uniform law of large numbers for stationary and ergodic
sequences by Ranga Rao (1962). Here, the sequence is even i.i.d. up to T + ko and
starting at 7'+ ko and the condition in Ranga Rao (1962) Esupp < [g(teo)| < oo is
fulfilled due to boundedness of g. We get

T+k

sup_sup |- > (g(te;) — Eglte;))
E>VT IHISK j=T+1
2

k
1
2 sup sup |— Z (g(te;) — Eg(tej))| — 0 a.s.
E>VT UK k j=1

for T — oo. This yields the assertion.

For the proof of d) first consider )N(j =BT+ ET)Xj_l +¢j, 7 > T+ ko. Further assume
that XTHCO,l fulfills (2.1) with 3, replaced by 3 + &; and all ¢; following F°. By (B.2)
X is stationary and ergodic and the same arguments as in ¢) lead to the assertion with
X replaced by X ;. Similar arguments as in Section 4 in Huskova et al. (2007) yield

X, — X;| < CpP TR0 | X g1 — Ko 1| (6.2)

for some C' >0, 0 < p < 1. Since || Xqik,—1 — Xﬂko,l” = Op(1) uniformly in T, ko we
get by the mean value theorem and the fact that the first derivative of ¢ is bounded
2

(9(t6" X 45) — Bg(t6" X 45))

| Tk

sup sup |+
E>VT <K kj:T+ko+1
T+k

1 .
=op(1)+Op(1)||0|| K sup — E P TR = op(1).
k>VT j=T+ko

Lemma 6.2. Under the assumptions of Theorem 2.1 respectively of Theorem 2.2 it holds
for the open-end as well as closed-end procedure that

sup |Tor(jiv) —Tor(jivie,e2. .. )| = op(1),
1<j<Lt

where Top(j;v;€1,€2...) denotes the test statistic (1.4) with &; replaced by ;.

Proof. We will study the differences

Cu(t) — Ci(t),  Sk(t) — Si(t)

14



6 Proofs

where

1 T+k 1 T

Cr(t) = ¢ > cos(1&;) — D cos(tE)),
j=T+1 j=1+p
1 T+k 1 T

Ck(t):% Z cos(tej)—f Z cos(tej),
J=T+1 j=1+4p

R 1 T+k 1 T

Se(t) = ¢ > sin(12;) — > sin(tg)),
J=T+1 J=1+4p
1 T+k 1 T

Sk(t) = 1 > sin(te;) — > sin(te;).
j=T+1 Jj=1+4p

By the Taylor expansion
cos(tgj) = cos(te;) — t(€; — ;) sin(te;) + Rjc(t)
where R;c(t) is a remainder term. Then ék(t) can be decomposed:

Cr(t) = C(t) = Cra () + Cra(t)

with
T+k 1 T
Cra(t :_<7 > t(E —gj)sin(te;) — 7 > t(?j—q)sm(t&j)),
j=T+1 j=l+p
T+k
Chalt Z Rjc(t) Z Rjc(t)
] =T+1 j 1+p
Since

[Rjc(t)] < DE*(8 = Br)" X1 Xj_1(B - Br)
for some positive D > 0 we also have

2

T+k
Cra(t)]? < Dt* | (B~ Br)” Z X; X7 1+f Z X; X7, | (B-Br)
] =T+1 Jj=p+1

Recall that by the Cauchy-Schwarz inequality 7 Az < ||z||? ||A||r < Dz? Az < ||z||? ||A]|,
where || - || denotes the Frobenius norm and [|.|| the Euclidean norm. Hence we get by
(A.4) and Lemma 6.1 that

2 2
T+k
Cra(t)* < DEY|B — Br|* Z X1 X5 Z XjaX7
] T+1 =p+1
t4
:()13(1)ﬁ (6.3)

uniformly in k. Hence by (A.5)

13%%11(1&/{)1”/|6*k2(t)|2w(t) dt:Op(l);/t4w(t) dt = op(1).

15



6 Proofs

Next we show the negligibility of 5“(75). We use the decomposition

Cr(t) = (B8 Br)" ( Cru(t) + %ékw(t) + Eakla(lf) + %akM(t))

k
where
T+k
Crii(t Z X j_1(—sin(te;) + Esin(tej)),
7=T+1
Cria(t) Z X j_1(—sin(te;) + Esin(te;)),
Jj=p+1
R T+k
Cklg(t) sm t€1 Z X] 1,
j=T+1

ék14(t) sm t€1 Z X] 1-
J=p+1

By (A.4) one obtains

1 2

Cra () = Op(1)

T

t ~ t ~ t ~ t ~
H (Eckll(t) + fcku(?ﬁ) + %Cmg(t) + Tcklzl(t))

uniformly in k& and ¢. {ékn(t), o(X1,...,X711),k > 1} is a martingale for each t € R!
with

Eékn(t) = 0, Val"ékn(t) < DEk.

Consequently

~ 2
{/tZ HC’kn(t)H w(t)dt, o(X1,..., Xr4k), k> 1}

is a nonnegative submartingale with
. 2
E/t2 Hckn(t)H w(t)dt < DEk.
By Chows inequality (cf. e.g. Chow and Teicher (1997), Section 7.4, Theorem 8) it holds

for a nonnegative submartingal Sk, v; > v;41 > 0 and A > 0

n—1

AP (Iilla<x v.S] > )x) < ZZ;UZE(Sl — Slfl) + v ES] = ZZ;(W — ’UHl)ESl + v, ES,,.

If v, ES,, — 0 as n — oo we get

AP (mla<x vS] > )\) Z(U; — Ul+1)ESl.

>1

16



6 Proofs

From this we can conclude with vy = T~ 'Yt for I =1,..., T and vy =12 for [ > T
(D > 0 is a generic constant which may change from line to line)

v (e (efr) S el woa )

< )\P< max /t2 Ha’kll(t)H2w(t)dt > >\>

1<k<oco
T
<DT 'Y k(T = (k+1)) DY k(2= (k+1)7?)
k=1 k>T

T
<DT 'Y KT Y B2 < DT =o(1).
k=1 E>T

where the last line follows from the mean-value theorem.

By Lemma 6.1
2
T+k
1 k I+y
g | 2 Xl ml7mg) =,
j=T+1

which implies

e () g [ PG P = o)

Similar relations hold true also for 6‘k12(t) and C k14(t). It is in fact an easier situation
since the random part does not depend on k.

Combining the above arguments we obtain

k Iy ~ 2
ax T <T+k> /HCm(t)H w(t)dt = op(1).

Analogous argument for §k(t) — Sk(t) complete the proof for the open-end procedure,
the result for the closed-end procedure is obtained analogously. m

Lemma 6.3. The assertions of Theorem 2.1 hold under the same assumptions if one
replaces CFr(Ept1,Ept2s---37) by CFr(ept1,€pt2,---57)-

Proof. The proof is very close to the proof of Theorem A in Huskovd and Meintanis
(2006a.).

Therefore we only give a sketch here. Let

h(z,y) = /cos(u(x —y))w(u) du

and

h(z,y) = h(z,y) — Eh(z,e1) — Eh(e2,y) + Eh(e1,2).

17
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Analogous to the decomposition (18) in Huskova and Meintanis (2006a) we get

SO ~ 2
/ ’¢T,T+kz(u) - ¢>1,T(U)‘ w(u) du = Apy + Apa + Ags,

where

T+Ek
Akl_H(/ ()dU—Eh€1752>

T+k T+k T

T
Ak2 Z Z h 51}1751)2 Z Z 51}1751)2

v1=T41ve=T+1 =1

vg;ém V1
T+k
205 e
’Ul 1vo=T+1
9 T+k
Az =—15 Y (E(h(ev,20) |e0) — Bh(er,e2)
v=T+1
9 T
— 72 2_ (E(h(ev, €0) |€0) — Eh(e1,€2))
v=1

where €¢,¢1,... i.i.d. Note that Z, = E(h(ey,€0) | €y) — Eh(e1,e2) are i.i.d. with zero
mean and finite variance, hence an application of the Héjek-Rényi inequality yields e.g.
for the first term of Apz and the open-end procedure as T'— oo for arbitrary n > 0

T T+k
P L Z;| >
BTk <k+T) 2 7
j=T+1

T
1 1 1
-2
=Cn (T2yzk2727+2ﬁ>_>0 (0O<y <.
k=1 E>T
for some C' > 0. A similar expression holds for the second term of Agz and in case of

the closed-end procedure. This shows that Ags is asymptotically negligible.

We investigate Ago now. Analogously to Huskovda and Meintanis (2006a) there exist
orthonormal functions g;(-) and eigenvalues \; such that

) E S \gi(@)g(w)
j=1

2

L
ie. LIEI;OE h(€1,€2) — Zl )\jgj(al)gj(ag) = 0,
]:
Eg;(e1) =0, Eg?(fl) =1, Egj(e1)gr(e2) =0, j #k,

81,62 Z)\2<OO

Let hy(z,y) = Estl As9s(7)gs(y) and Aga(L) defined as Age with h replaced by hy. As
in Huskova and Meintanis (2006a)

Sei= > (heirgy) — hi(eie)))

1<i<j<k

18



6 Proofs

is a martingale and therefore we get by the Hajek-Rényi inequality for the open-end
procedure and the first term of Ago — Ago(L) for all n > 0 and some C' > 0

Pmax T () sy =
Ty E\ktT Skl =1

22;@ ( 51’52)_%L(51,52> Z A2 —0 (L — o)

k>1 ] L+1

and a similar expression for the closed-end procedure and the other terms. Hence for
any n1,m2 > 0 and all L > Ly (for some Lg) it holds

— > < M.
P <II§1§%<P1¢,T(’Y)\A1€2 Apa(L)] > 771) <2

It holds

L
T T+ k
q=1

T+k T
1 +

1
Bi(g, k) = —= Z gq(Ev) - *qu(gj) )
\/T v=T+1 T 7=1
1 T+k T
B2(q’ k) = ﬁ Z (gq(ev - 1 Z gq 51) - 1
v=T+1 v=1

By the strong law of large numbers we get (as maxj<iogr ’)’“T’T —0)

max pi7(v)B2(q, k) — 0 a.s.

Concerning Bj(q, k) we first note that it is sufficient also in case of the open-end proce-
dure to consider the supremum up to DT for some D large enough.

To this end, note that by the Hajek-Rényi inequality for any n > 0 and some C' > 0

E\ Y22 iy | Tk c 201
P(zg%}%<k+T) | 2 ale)| = nTZ k:2 TDESED
v=T+1 k>DT

which becomes arbitrarily small for D large enough, hence it is sufficient to consider the
maximum up to DT even in case of the open-end procedure.

Similarly, using again the Hajek-Rényi inequality one can see that the maximum over
k < 0T is negligible for § small enough (in case of the open-end procedure) (y # 0):

T k 14+~ | T+k
P | max /- <T+k> > galen)| = n
- v=T+1
1
Cry cCry LS
1— 1+ — _ 11—y —
77 k<éT k (T - k) ! k<éT k -

19



6 Proofs

which becomes arbitrarily small for § — 0. The result for the closed-end procedure is
obtained similarly. Now, we can use the functional limit theorem and get (noting that

{ﬁ Zfz}fﬂ gq(ey) : k} and % erzl gq(e;) are independent)

L
T+E
A Bi( —
5T<k<DTka qZ:; q< 1(a k) Tk )

- 5T<k<DTka EL: < ( a1 <;> - ;Wq,2(1)>2 — T;;f) +op(1),

q=1

where W, 1(+), Wg2(-), ¢ =1,..., L are independent Wiener processes. For the open-end
procedure we still need to note that

T ([ k' T \?(T+k\'""

2 <T+k> - <T+k> < k )
Similar arguments as before yield that this has the same asymptotic distribution as the
complete maximum over 1 < k < oo for the open-end procedure respectively 1 < k < NT

for the closed-end procedure. In the proof of Theorem 2.1. Horvath et al. (2004) show
that (t = k/T)

Wa (7) = 7Wa2 (D] o [Wea(t) = tWoa(1)]

(1-v)/2 (1-/2°
k>1 >0
21 Tk (k) 20141 (1)
After an index transformation [ = t/(1 4 t) they further obtain
- 1
max (Wai(t) = tWeo ()] D W (D]

-z ~ U =2
(146 (%) ozt

where W, () are independent Wiener processes.

Similar arguments as above yield that it is asymptotically equivalent to consider the
complete sum over g > 1.

Taking the negligibility of A3 into account analogous arguments as above give the limit
behavior as given in Theorem 2.1 for the joint supremum supy, |Ag1 + Ak + Ags|, thus
completing the proof. m

Proof of Theorem 2.1 . It follows immediately from Lemmas 6.2 and 6.3. =

Proof of Theorem 2.2 . By Lemma 6.2 it is sufficient to consider the statistic C'Fr,
where &; are replaced by ;. By Lemma 6.1 (g = cos, sin) it follows

 max <T+k> / Z exp(ite;) — E(exp(ite;)))| w(t)dt =op(1)
= j=T+

k 14y T 2
 max <T+k‘) / TZ exp(itej) — E(exp(ite;)))| w(t)dt =op(1).

From this we can conclude immediately that CFr = Op(1/T) as well as the limit
distribution of CFr/T in case of ko = |toT']. =

The following lemma is needed to prove Theorem 2.3.

20
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Lemma 6.4. Under the assumptions of Theorem 2.3 it holds for the open-end

(CFr(Ept1,Epta,---) — CFr(eps1,epra, .- .)/T
Losw () (5) [ lenlw)ex( - D (6.4)

to<t<oo t+ 1

For the closed-end procedure an analogous assertion holds where the supremum s taken
overty <t < N.

Proof. We follow the lines of the proof of Lemma 6.3. We study the differences

Cr(t) — CiA (1), Sklt) — SA(),

where Cy(t), S (t) are as in the proof of Lemma 6.3 and

T+k T
1 . 1
CMt) = . D cos(t(e; + 6" X, 4I{j > T + ko})) — - D cos(te)),
j=T+1 j=1+4p
1 T+k 1 T
SAt) = - > sin(t(e; + 67X, 1 I{j > T + ko})) — T > sin(te;).
J=T+1 J=1+4p

By a Taylor expansion

cos(t&j) — cos(t(ej + 6T X ;_1I{j > T + ko}))
= —t(8j —ej — 6" Xj1I{j > T+ ko})sin(t(ej + 8" X ;-1 I{j > T + ko})) + Rje(t)

where RJAC(t) is a remainder term. Then Cy(t) can be decomposed as follows

Ci(t) = G () + Cia () + Cia (1)

with
. T+k
) = (1 Do 16 — (e + 67X a1 > T+ o)) sin(i(ey + 87X 11{j > T+ ko))
j=T+1
- = Z Ej—¢j Sln(tsj))
j 1+p
T+k B T
; =T+1 j=14p

Rjc(t) as in the proof of Lemma 6.3. Similarly as in the proof of Lemma 6.3 we get

k

1<k<oo (T—|—k; ﬂ/ﬁfz(t)’zw(t) dt:Op(l);Q/t4w(t) dt = op(1).

Concerning 6’,?1@) we use the decomposition

G0 = (8- Br)" (£Cn(0) + 7:Cha(t) + 1 Cisl) + 7)),
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6 Proofs

where ém(t), CA'kM(t) are as in the proof of Lemma 6.3 and

T+k
~ A
Etn) = 3 X, 1(—sin(t(e; + 67X, 11{j > T+ ko})
J=T+1
+E(sin(t(ej + 6" X1 I{j > T + ko}))| X 1)),
T+k
Ck13( Z X1 E(sin(t(ej + 8" X1 1{j > T + ko}))| X j-1)),
j=T+1

. ~ ~ A
Negligiblity of Cpi2(t), Cr14(t) follows from the proof of Lemma 6.3 and of C},(t)

~ A
analogously. The term C;5(¢) has to be treated more carefully. Notice that by Jenssens
inequality

k 14+ 1 9 2
(M) 2 / ? |Craat)] wityar

2
T+k

1
2
g/t wit)dt max | > X
j=T+1
T+k
g/t2w(t )dt max - Z 1 X - 1H
7=T+1
p T+k
< J—
< [Put)ar mas .
=1 7=T+1

where the last line follows from Lemma 6.1 and the fact that EX]{l < C for some C > 0.

Combining the above arguments we have

o ()" 16020 vt =0 =ort

Analogous arguments holds for Sy(t) — S (t) as well as the closed-end procedure.

Noticing that
E(CA() +iSA(E)) = wo(t) (px () — 1) (k—kk:g)+

it remains to show

1k <00 x (717 i k)lﬂ / (CE (1) = EC{! (1) Pw(t)dt = op(1).

Since
€5+ 5TXj_11{j >T + ]{30} = Xj - ,@TXj_l = ’YTXp_H,j_l
for v = (1,—f1,...,—Bp)T it follows from Lemma 6.1 (g = cos, sin)
2
T+k
kN1 1 LT T
max. (7) / . T% ) (explity" X pi1,} — E(explitn™Xpi1))| wit)dt
J= 0

=op(1).
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Proof. of Theorem 2.3 To prove our theorem it suffices to show that, T — oo,

CFT(Ep_H, Ep+2, - - )/T = Op(l) (6.5)

in addition to (6.4). The latter follows immediately from Lemma 6.4, while assertion
(6.5) follows from Lemma 6.3. m

Proof of Theorem 3.1 . The proof follows along the line of the proof of Theorem 2.1
but certain parts are more delicate since we work now with a triangular array.

Denote by E*,var*, P* etc. expectation, variance and probability w.r.t. €*(p),e*(p +
1),... given Xj, Xo,...,, i.e. for example E*(:) = E(-| X1, Xo,...).

We have to study conditional limit behavior of

CFr =CFr(e*(p+1),e"(p+2),-..)

k I+y [° N N 2
= max T(rg) | [ohrn) - g wiw) du

where
1 T+k

Crran) =1 Y expliue’(j)}, weR', k>1
j=T+1

and an analogous expression for cp; 7. First, we show that we can replace ¢* by

T+k

. 1 .
o rk(u) = o Z explivey,j)}
j=T+1

and an analogous expression for ¢} ,.(u), 5?} = CFr(ey, (p+1), €Ur(p+2), - - -)- Precisely,
we will show that for any 71,72 > 0 it holds for T" large enough

P (‘CFT _ (7?}‘ >m) <+ op(1).

The proof is essentially analogous to the proof of Lemma 6.2 and will only be sketched.
The decompositions remain true but X; has to be replaced by Xy7,.(;) and €y,.(;). In the

notation we indicate this by *, e.g. 5’,’;1 (1).
By an application of the Hajek-Rényi inequality it holds for any D > 0

T+k

P max || - Z XUT(j—l)XUT(jfl) —E XUT(l)XUT(l) 2D
j=T+1

1

T

’XUT(p+1)XUT(p+1) H > 2
k>1

< ! *
=~ ﬁvar

1 a 2 1
7—5 2 KX < 53(C +op),
J=p+1

1
SEC

23
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where C' > 0 is now and in the following a generic constant which can change von line
to line. This leads similarly by the analogue of (6.3) to

p* (QE;T (zﬁk>m/jé;2(t)]2w(t) it > n) < e+ op(1) (6.6)

for any n,& > 0. The decomposition of 6,’;1 (t) is slightly different than in the proof of
Lemma 6.2. Let

Cia() = (8~ Br)" ({Cinn(0) + 1Chalt)

where
R T+k
Crnt)=— > (Xup(y-1sinltep,) — B (Xupi)-1sin(teu,))) -
j=T+1
A~ %k T
CklZ(t) = Z (XUT(j)fl Sin(tEUT(j)) — E* (XUT(j)fl Sin(tEUT(j)))) .
Jj=p+l1

The assertion follows analogously to the assertion for é,ﬂ (t) in the proof of Lemma 6.2
proving (6.6).

The remainder of the proof is close to the proof of Lemma 6.3, so we only scetch the
differences. Equation (6.6) shows that it is sufficient to study

o0
~ % ~ % 2 * * *
| 18rrsto) = @) ww) du= Aur + Ajy + Ajs + A3,
—0oQ

where Ag; is as in the proof of Lemma 6.3 and

T+k T+k

T T
Z Z h EUT(UI)’gUT (v2) Ti Z Z EUT (v1)s 5UT(v2))
1)2 1)1

v1=T4+1vo=T+1

v F£U]
T+k
Z Z h 6UT 1)1 8UT(1)2))
’U1 1 vo=1+4T
o Ttk
k3 = 2 Z (E(h(erp(v)€0)eur(v)) — E'E (Mev, ) €0)levr )
v=T+1
9 T
) Z (E (h(evp(v)»€0)levp(v)) — B'E (h(evp ), €0)levr@))
v=p+1
E+T
k1= =27 (BB (Mevp i) 0)levppin) — Ehlere2)) .-

As for Ags in the proof of Lemma 6.3 we obtain by an application of the Hajek-Rényi
inequality for any n > 0

k 14+~
P* max T <T+k> [Asl = m | =op(1).
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Furthermore it holds

EO\ 1 | <&
I?Si(T <T+k> |Af4l < T j:;rl (E(h(gj,€0)|ej) — Eh(e1,€2))| = op(1).

Define

Sii= > (Wlevgyeun) — helevps eun():
1<i<j<k

As T — oo an application of the Markov inequality yields

i KDL S S () o)

v1=1wv2=1

kQ
=0p(1) 7 >N
i>L

for some C by Lemma A in Serfling (1980), p. 183, which shows that

T N
L
ingT—i—k(k—irT) e

becomes sufficiently small for L large enough. S; — E*S} can be expressed as a linear
combinations of martingales (cf. Serfling (1980), p. 178-179), therefore the Hajek-Rényi
inequality yields, as T' — oo,

T [k \'1
* I A 219% _ F*G*| >
r <r?§f{T+k<k+T> RISk ESk'—A>

C 11 ~ ~ 2 0
<N o (hessen) =helese) =55 Do N+op(1)
k>1 j=1v=1 j=L+1

for each L, for the open-end procedure and the first term of Akg(ﬁ) — Akg(ﬁL) for all
A > 0 and some C' > 0. The right hand side becomes arbitrarily small for L large
enough. Hence for any A;, Ay > 0 and all L > Lg (for some Ly) T large, it holds

P (%?%( P, ()| Af2 re(L)| > A1> < Ao,

where
L T T+k
J— *2 *
5= ;Aq (mitat - ToE - Bita k)) ,
Ttk
Bi(g,k \/> Z Yq (5UT(U) qu 5UT )
v=T+1

| Tk Lz

Bi(a.k) =15 > (9(cvrw) = 1) + 75 > (9 (evri) — 1) -
v=T+1 v=1
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6 Proofs

We start with the term Bj(q, k). First note that for r > 1

T

X 1 1 2 —
E*lgg (eupy — 1P =T > (g3(20) = 1)" = 0p(T"7) (6.7)

v=1
by Theorem 5.2.3 (i)(«) in Chow and Teicher (1997) since
ZP ((gg(sv) — l)T > jT) = ZP (’gg(sv) - 1‘ > j) =E ‘gg(ev) - 1’ < 0.

j=1 Jj=1

According to Shorack and Wellner (1986), inequality 4 (p. 858) in addition to the von
Bahr Esseen inequality (Shorack and Wellner, 1986, p. 858) it holds for i.i.d. random
variables with mean 0 for 1 < r <2
E max (|Sk|") < cTE|X4|"
1<k<T
for some ¢ > 0, Theorem 1.1 in Fazekas and Klesov (2000) then gives for b; > ... >
br >0

r T
E be|S < c E|Xq|" bl
<1I<Hka<XT k| k\) < c BE|Xq] ; k

for some ¢ > 0. We have to distinguish the cases k < T and k£ > T. By the above
inequality for 1 <7 < min(2,1/(1 —7)),i.e. 0 <r(l —+) < 1, and (6.7) it holds

- T<1>71 Ti’“(z( ot
BT THR\T+ k) B | 2 Maovr®

T

_r 1 .

=T Z Er(1—) E |92(5UT(1) — 1|2 =op(1).
k=1

Similarly for r = 2

2
v=T+1
-
< T2 Z e E ’93(5UT(1)) — 112 = op(1).
k>T
An application of the Markov inequality yields the negligibility of Bj(q, k).
It remains to show that the process {(Bi(1,|Ts]),...,Bi(L,|Ts])); s € [0,A]} con-
verges weakly (conditionally) to a Wiener process for all A > 0. The convergence of
the finite-dimensional distributions follows e.g. from Singh (1981), Theorem 1, while

tightness follows by Theorem 15.6 in Billingsley (1968) and the finiteness of the second
moments. We can then conclude as in the proof of Lemma 6.3. =
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